Abstract. The complex manifold CP n × CP n+1 with symplectic form σµ = σ CP n + µσ CP n+1 , where σ CP n and σ CP n+1 are normalized Fubini-Study forms, n ∈ N and µ > 1 a real number, contains a natural Lagrangian sphere L µ . We prove that the Dehn twist along L µ is symplectically isotopic to the identity for all µ > 1. This isotopy can be chosen so that it pointwise fixes a complex hypersurface in CP n × CP n+1 and lifts to the blow-up of CP n × CP n+1 along a complex n-dimensional submanifold.
Introduction
Suppose L is a Lagrangian sphere in a symplectic manifold (M, ω). The generalized Dehn twist (the Dehn twist for short) τ L along L is a symplectomorphism on M that is compactly supported near L and restricts to L as the antipodal map. A symplectomorphism τ is said to be symplectically isotopic to the identity if there is a smooth family (τ s ) 0≤s≤1 of symplectomorphisms such that τ 0 = id and τ 1 = τ .
In this paper we consider the (real) 4n + 2-dimensional manifold CP n × CP n+1 with the product symplectic form σ µ = σ CP n + µσ CP n+1 for µ > 1 a real number.
Here n ∈ N and σ CP n and σ CP n+1 are the Fubini-Study forms on CP n and CP n+1 , respectively, normalized to integrate to π on CP 1 . As described in Lemma 2.5, the graph of the complex conjugate of the Hopf map S 2n+1 → CP n embeds as the is the identity.
The isotopy of Theorem 1.1 was established in the case n = 1 and µ ≫ 1 by Corti-Smith [CS05, Section 7]. Corti-Smith construct a singular fibration with nonsingular fibers isotopic to (CP 1 × CP 2 , σ µ ) and such that the monodromy around the only singular fiber of this fibration is symplectically isotopic to the Dehn twist τ L µ . As the monodromy is also known to be symplectically trivial, this proves the result. The proof of Theorem 1.1 uses exactly the same fibration but by examining the construction in more detail, we are able to establish an isotopy for all µ > 1. Furthermore, we observe that the construction generalizes to all n ∈ N and that the complex hypersurface S is pointwise-fixed under the isotopy. The hypersurface S is a CP n -bundle over CP n in which the base coordinates are [s 0 : · · · : s n ], and each fiber is a linearly embedded copy of CP n in CP n+1 .
Write CP n+1 as C n ⊔ D where C n is the coordinate chart centered at the point p 0 = [0 : · · · : 0 : 1] and D = (x n+1 = 0) ∼ = CP n . Then S contains a section at 0 ∈ C n given by S 0 = CP n × {p 0 } and a section at infinity, namely, We show that S 0 and S ∞ are not only pointwise-fixed under the isotopy but in fact we have the following result. One should note that the Dehn twist τ L µ is well-defined on the blow-up since both S 0 and S ∞ are disjoint from L µ and the Dehn twist is supported near L µ .
Theorem 1.1 is a consequence of Theorem 1.3. The latter constructs a Lefschetz fibration with exactly one critical point whose non-singular fibers are isotopic to (CP n × CP n+1 , σ µ ) and with vanishing cycle isotopic to the Lagrangian sphere L µ . Thus, the monodromy around a positively-oriented loop in CP 1 that circles the critical value exactly once, is symplectically isotopic to the Dehn twist τ L µ . Since there is only one critical value, the monodromy is also symplectically isotopic to the identity.
Theorem 1.3. Let µ > 1. There is a Lefschetz fibration (X , π, J, Ω µ ) such that:
(1) π has exactly one critical point z crit ∈ X 0 = π −1 (0); (2) there is a holomorphic trivialization Φ : X \ X 0 → (CP n × CP n+1 ) × C whose restriction to the fiber X ∞ over the point at infinity in CP 1 composed with the projection to CP n × CP n+1 is a symplectomorphism
For n = 1, Theorem 1.3 is an extended version of [CS05, Proposition 1]. The Lefschetz fibration (X , π, J, Ω µ ) is an extension of the fibration constructed in [CS05] from a disk ∆ ⊂ C to CP 1 = C ∪ {∞}. Note, however, that unless µ ≫ 1, the full statement of Theorem 1.3 is necessary in order to identify the vanishing cycle with the Lagrangian 3-sphere
which is standard in a small neighborhood of the critical point z crit , Corti-Smith compute the vanishing cycle (V µ t ) ′ in the fibers close to the singular fiber X 0 . For each t ∈ ∆, write Φ t : X t → CP 1 × CP 2 for the restriction Φ | Xt of the map Φ described in Theorem 1.3 followed by projection to CP 1 × CP 2 . The map Φ t is biholomorphic and α 
is not only isotopic to σ µ but, in fact, α ∞ = σ µ and Φ ∞ : X ∞ → CP 1 ×CP 2 is a symplectomorphism. The key step in our construction is the following. By symplectically embedding a large part of the total space (X , Ω µ )
of the Lefschetz fibration into a toric manifold (F, ω
(1,µ) F ), we obtain a Darboux chart on (X , Ω µ ) that enables us to compute the horizontal spaces of the symplectic connection coming from Ω µ in a large neighborhood of the critical point z crit . In particular, we are able to compute the vanishing cycle V µ ∞ explicitly and to see that
Our construction generalizes easily from the case n = 1 to arbitrary n ∈ N. Furthermore, with S ⊂ CP n × CP n+1 as defined in Theorem 1.1, we see that the corresponding hypersurface Φ −1 t (S) in the fiber X t is held fixed under symplectic parallel transport in (X , π, J, Ω µ ). This implies that the isotopy of Theorem 1.1 fixes the complex hypersurface S in CP n × CP n+1 .
The results in this paper are motivated by the symplectic isotopy problem which is described below. Given a symplectic manifold (M, ω), the group of symplectomorphisms on M is an infinite-dimensional Lie subgroup of the group Diff
of orientation-preserving diffeomorphisms of M . We say that a symplectomorphism τ is smoothly isotopic to the identity if there is an isotopy (τ s ) 0≤s≤1 with τ s ∈ Diff + (M ). A symplectomorphism is called essential if it is smoothly isotopic to the identity but not symplectically so.
The symplectic isotopy problem: Given a symplectic manifold (M, ω), does it admit essential symplectomorphisms?
1
When the dimension of M is 2, the space of symplectic forms on M is convex and it follows from Moser's Theorem that no essential symplectomorphisms exist. In dimension 4, Gromov and Abreu-McDuff (see [MS04, ) show that the answer to the isotopy problem is once again negative for CP 2 , CP 1 × CP 1 and the one point blow-up of CP 2 . In 1997, however, Seidel [Sei97] shows that under fairly weak conditions on a 4-manifold, if τ L is the Dehn twist in a Lagrangian sphere L, then τ 2 L is an essential symplectomorphism. Notice here that since τ L restricts to L as the antipodal map, τ L cannot be isotopic to the identity when the dimension of L is even. On the other hand, Seidel showed that when M is 4-dimensional, the square of the Dehn twist is always smoothly isotopic to the identity.
In dimensions 6 and above, very little is known. It is not even clear that Dehn twists (or their squares) are smoothly isotopic to the identity. Notice that in the example (CP n × CP n+1 , σ µ ) studied in this paper, the Lagrangian sphere is odddimensional. Thus, there is no homological obstruction for the Dehn twist to be isotopic to the identity, and indeed, Theorem 1.1 shows that it is. Although Theorem 1.1 does not provide an answer to the symplectic isotopy problem, the construction of the isotopy relies on certain symmetries specific to these examples that suggests they may be higher-dimensional analogues of the special cases CP 2 and CP 
Preliminaries
This section is expository and can be skipped if one is already familiar with Dehn twists and Lefschetz fibrations. The main statement is Proposition 2.7 which shows that the monodromy of a Lefschetz fibration around a loop that circles a critical value once is symplectically isotopic to the Dehn twist along the vanishing cycle corresponding to the critical value. The discussion in this section is based on [Sei97] and [Sei03, Section 1]. Note that although [Sei03] assumes exactness of Lefschetz fibrations, i.e., that each non-singular fiber is a symplectic manifold with boundary and the symplectic form on these fibers is exact, the proofs of the results that we use are easily adapted to ordinary Lefschetz fibrations. Details can be found in [Dup07] .
The model Dehn twist. Consider the cotangent bundle of S
The time-π map ϕ h π extends over the zero section by the antipodal map A(u, 0) = (−u, 0). Now let R : R → R be a smooth function such that R(s) = 0 for s ≥ s R for some s R > 0 and 
The model Dehn twist Figure 1 shows the image of a fiber
We see that (u, v) ∈ T * S N with v large are held fixed by τ , but as v decreases, the circle action ϕ h θ is "turned on" with larger and larger θ ∈ (π, 0) until at v = 0, we reach the antipodal map ϕ h π . Although the definition of the model Dehn twist depends on the choice of function R, the symplectic isotopy class of τ is independent of R.
Let ω C N = i 2 j dz j ∧ dz j denote the standard symplectic structure on C N .
Consider the singular fibration π std : C N → C given by
All fibers of π std , except for π
Away from the singular fiber, the symplectic structure ω C N gives a natural connection on π std : C N → C for which parallel transport maps are symplectomorphisms. Each non-singular fiber π −1 std (t), t = 0, contains a Lagrangian sphere
These spheres are mapped to each other by parallel transport. Note that for r > 0, Φ r (Σ r ) is the zero section L 0 . The following result is based on the proof of [Sei03, Lemma 1.10] and is proved in detail in [Dup07] .
Lemma 2.2. Consider the singular symplectic fibration π std :
is symplectically isotopic to a model Dehn twist.
Dehn twists.
Definition 2.3. Let (M 2N , ω) be a symplectic manifold and L ⊂ M a Lagrangian sphere with a chosen identification ι : S N → L. By the Lagrangian Neighborhood Theorem, for some small λ > 0, we can extend ι to a symplectic embedding of the
Choose a model Dehn twist τ whose support is in
Remark 2.4. The Dehn twist is a symplectomorphism of M that depends on the choice of identification ι : S N → L. We say that two identifications ι 1 and ι 2 give the same framing if ι
Identifications that give the same framing define Dehn twists that are symplectically isotopic. However, it is unknown whether the Dehn twist can be defined as a symplectic isotopy class independent of framing. We omit the choice of framing in our notation as there is often a natural choice in the situations we describe below.
Now consider CP
n × CP n+1 with the product symplectic form σ µ = σ CP n + µσ CP n+1 , where µ > 1 and σ CP n , σ CP n+1 are the normalized Fubini-Study forms on CP n and CP n+1 , respectively. As shown in [CS05, Lemma 1], the graph of the complex conjugate of the Hopf map H CP n : S 2n+1 → CP n embeds naturally into this manifold as a Lagrangian sphere L µ .
Lemma 2.5. If µ > 1, then
is a symplectic embedding (B( √ µ), ω C n+1 ) ֒→ (CP n+1 , µσ CP n+1 ). This follows from the fact that i factors through the Hopf map
Hence,
Therefore, the graph of the conjugate of the Hopf map H CP n :
2.3. Lefschetz fibrations.
Definition 2.6. A Lefschetz fibration is a smooth fibration π : E → CP 1 such that
• the set E crit of critical points of π is finite and no two critical points lie in the same fiber; • E is compact and has a closed 2-form Ω that restricts to a symplectic form on the non-singular fibers; • there is a complex structure J defined in a neighborhood of each critical point such that Ω is J-Kähler; • if j is the complex structure on CP 1 , then π is (J, j)-holomorphic and at each critical point the Hessian of π is non-degenerate.
Note that by the Morse Lemma, the fourth condition is equivalent to the condition that for each z crit ∈ E crit we can find a J-holomorphic coordinate chart Ψ in a neighborhood of z crit and a chart ψ on
Such a pair of charts (Ψ, ψ) will be called a Morse chart. In the following we often suppress the choice of ψ in our notation. Away from the critical points, (E, π, Ω) is a symplectic fiber bundle and hence admits a symplectic connection. Each critical point z crit ∈ E crit gives rise to a Lagrangian sphere in the non-singular fibers called the vanishing cycle. Let γ : [a, b] → CP 1 be an embedded path which avoids π(E crit ) except at the endpoint
By [Sei03, Lemma 1.13 and 1.14], B γ is an embedded closed N -ball in E with Ω| Bγ = 0 whose boundary
is a Lagrangian sphere in (E γ(a) , Ω| E γ(a) ) that comes with a natural framing (see Remark 2.4). We call V γ the vanishing cycle associated to γ. (See Figure 2) . If γ ′ is path-homotopic to γ in CP 1 \ π(E crit ), then V γ ′ with its natural framing is symplectically isotopic to V γ . Hence, for each z crit ∈ E crit and t ∈ CP 1 \ π(E crit ), the symplectic isotopy class of V γ with its natural framing depends only on the path-homotopy class.
Let (E, π, J, Ω) be a Lefschetz fibration and γ : [a, b] → CP 1 an embedded path
oriented with respect to the standard orientation of CP 1 and ℓ circles the point Sketch proof. We deform the form Ω to a closed 2-form Ω 1 which is standard with respect to the Morse coordinates at each critical point. We can choose this deformation such that the monodromy of the resulting Lefschetz fibration agrees with that of (E, π, J, Ω) up to symplectic isotopy. In a neighborhood of each critical point, the Lefschetz fibration (E, π, J, Ω 1 ) agrees with a neighborhood of 0 in the standard model π std : C N → C described in Section 2.1. Here the vanishing cycles correspond to the Σ t 's defined in (2.3). We can therefore use Lemma 2.2 to show the result. Details can be found in [Dup07, Proposition 2.2.3].
3. The Lefschetz fibration π : X → CP 1 This section contains the essential steps in the proofs of the main results of this paper. In the first two sections we construct the Lefschetz fibration (X , π, J, Ω µ ) of Theorem 1.3. Its total space X is a complex hypersurface in F × CP 1 , where F is a CP n+1 -bundle over CP n+1 . The manifold X fibers over CP 1 as a subbundle of the bundle F × CP 1 → CP 1 . For each µ > 1, the closed 2-form Ω µ on X comes from a toric symplectic structure on F, and the symplectic isotopy class of the non-singular fibers of (X , π, J, Ω µ ) depends on the cohomology class of this toric structure. For each µ > 1, it is possible to choose a toric structure ω
(1,µ) F on F such that the nonsingular fibers of (X , π, J, Ω µ ) are isotopic to (CP n × CP n+1 , σ µ ). By symplectically embedding a large part of (X , Ω µ ) into the toric manifold (F, ω
(1,µ) F ), and using a Darboux chart on F, we show in Section 3.3 that the vanishing cycle V ∞ in the fiber at infinity is the Lagrangian L µ defined in (1.1).
3.1. The toric manifold (F, ω
(1,µ) F
). Let C 2n+4 have coordinates (s, q, x, x n+1 ) = (s 0 , . . . , s n , q, x 0 , · · · , x n+1 ) and consider the (C * ) 2 action on C 2n+4 with weights (3.1)
We define F to be the quotient
Since the action of (C * ) 2 on C n+2 \ {0} × C n+2 \ {0} is free and proper, this quotient is a smooth complex manifold.
2 We denote the points of
] is clearly welldefined and makes F a CP n+1 bundle over CP n+1 .
We now describe a Kähler structure on F by constructing it as a symplectic quotient. Let C 2n+4 have the standard symplectic form ω C 2n+4 and suppose T 2 acts on C 2n+4 with weights (3.1). The moment map Ψ :
Its image is the cone illustrated in Figure 3 and the regular values are the interiors of the cones C 1 and C 2 . By the standard symplectic quotient construction [MS98, 
2 F is the GIT quotient F = C 2n+4 / /κ(C * ) 2 where κ is an integral point of the chamber C 1 of the effective cone depicted in Figure 3 . The effective cone is the cone in R 2 generated by the columns of the matrix (3.1). It decomposes naturally into a union of 2-dimensional cones, each generated by a pair of column vectors. The interior of these cones are the chambers C 1 and C 2 . As a complex manifold, the GIT quotient is the same for different choices of κ in the same chamber [Tha94, Theorem 3.9]. 
Proof. We have already seen the bundle structure of F.
To see the statement about F ∩ (q = 0), note that F ∩ (q = 0) can be thought of as (Ψ | (q=0) ) −1 (κ)/T 2 which is by construction CP n × CP n+1 with symplectic form
is a biholomorphic symplectomorphism. 
It follows that ω κ F integrates to κ 1 π on (q = s 2 = · · · = s n = 0 and x = 0) and to κ 2 π on (q = s 0 = · · · = s n−1 = x 0 = · · · = x n−1 = 0). 
where ξ = (ξ 0 , . . . , ξ n ), η = (η 0 , . . . , η n ) and κ = (κ 1 , κ 2 ). Let A :
be the map
Then it is given by the vanishing of 2n + 4 − d coordinates in R 2n+4 . The vanishing of the corresponding coordinates in C 2n+4 is a T 2 -invariant complex submanifold of Ψ −1 (κ) and corresponds to a d-dimensional complex submanifold of F = Ψ −1 (κ)/T 2 . Two faces of ∆ κ intersect precisely when the corresponding submanifolds intersect in F. s 0 = 0
t1 (where we write ∞ to mean the point [1 : 0] ∈ CP 1 ) and let
and X t = X t × {t}. Note that for t 1 = 0 we get
Let π : X → CP 1 be the natural projection map. Figure 5 shows how the submanifolds X t lie inside the polytope representing (F ∩ (x 0 = 0), ω κ F | x0=0 ) when n = 1.
Consider the submanifold
and moreover, when S is removed from the X t 's, they are disjoint in F and
More precisely, if π F : F × CP 1 → F denotes projection to the first factor, then
In particular, π F | X \(S×CP 1 ) is biholomorphic. In a neighborhood of z crit we obtain holomorphic coordinates (z 1 , . . . , z 2n+2 ) such that π is the map (z 1 , . . . , z 2n+2 ) → 2n+2 j=1 z 2 j . Moreover, when the singular fiber X 0 is removed, π : X → CP 1 is trivialized by a biholomorphic map Φ :
Proof. Clearly, π : X → C is a holomorphic fibration with exactly one critical point z crit . For q = 0 and x n+1 = 0,
for 0 ≤ i, j ≤ n are holomorphic and invariant under the (C * ) 2 -action. The map
defines a holomorphic coordinate chart on F. Thus, (s 0 , . . . ,s n ,x 0 , . . . ,x n , t) define holomorphic coordinates on F × C in which X is given bys 0x0 + · · · +s nxn = t. Therefore (s 0 , . . . ,s n ,x 0 , . . . ,x n ) define holomorphic coordinates on X . Let (3.5)
Then (z 1 , . . . , z 2n+2 ) define holomorphic coordinates on X in which π has the form (z 1 , . . . , z 2n+2 ) → 2n+2 j=1 z 2 j . Let X t be a non-singular fiber of π : X → CP 1 , i.e., fix t = 0. Then X t is a complex submanifold of F in which q is determined by the other coordinates of
is well-defined. In fact, it is biholomorphic. Now define
Remark 3.5. In the notation of Remark 3.1, Figure 5 for the case n = 1).
For each µ > 1 we now introduce a 2-form Ω µ on X that makes (X , π, J) into a Lefschetz fibration. Here J is the complex structure on X coming from F × CP 1 .
Recall that if κ = (κ 1 , κ 2 ) lies in the cone C 1 , then we have a toric Kähler structure ω κ F on F. If µ > 1, then (1, µ) ∈ C 1 and we define (3.8)
Proposition 3.6. For any µ > 1, (X , π, J, Ω µ ) is a Lefschetz fibration whose nonsingular fibers are symplectically isotopic to (CP n × CP n+1 , σ µ ). Moreover, the map
Proof. Let µ > 1. First we prove that (X , π, J, Ω µ ) is a Lefschetz fibration. Clearly, Ω µ is closed. Its restriction to each non-singular fiber is
which is symplectic since all the X t 's are complex submanifolds of F for t = 0. We have already shown in Lemma 3.4 that π has the form (z 1 , . . . , z 2n+2 ) → 2n+2 j=1 z 2 j in a neighborhood of the critical point z crit . By the definition of Ω µ , the map π F | X \(S×CP 1 ) described in (3.4)is a biholomorphic map that identifies (X \ (S ×
Hence Ω µ is J-Kähler in a neighborhood of the critical point. We conclude that (X , π, J, Ω µ ) is a Lefschetz fibration. It remains to show that the non-singular fibers of (X , π, J, Ω µ ) are symplectically isotopic to (CP n × CP n+1 , σ µ ), i.e., that the forms
are symplectically isotopic to σ µ for all t = 0. Since all the α t are symplectically isotopic, it suffices to prove it for t = ∞. But we have already seen in Lemma 3.2 that α ∞ = σ µ by construction.
3.3. The vanishing cycle of (X , π, J, Ω µ ). In order to compute the vanishing cycle of (X , π, J, Ω µ ), we need to understand the connection coming from the 2-form Ω µ in a neighborhood of the node z crit . By (3.8), the map π F | X \(S×CP 1 ) described in
Hence Ω µ is symplectic on X \ (S × CP 1 ) and we can use the toric structure of F to describe the following Darboux chart:
where (s, x) = (s 0 , . . . , s n , x 0 , . . . , x n ), |s| 2 = j |s j | 2 and |x|
Proof. As noted in the Remark 3.5, z crit = (z, 0) ∈ F × CP 1 where
By the comments preceding this lemma, it suffices to see that the map ψ
We have the following commutative diagram
where ψ µ is given by (s, x) → (s, 1 − |s| 2 , x, µ − 1 + |s| 2 − |x| 2 ). Hence it suffices to see that ψ µ pulls back ω C 2n+4 to ω C 2n+2 . But this is clear since q, x n+1 ∈ R on Im( ψ µ ), and therefore dq ∧ dq and dx n+1 ∧ dx n+1 pull back to 0 under ψ µ .
Remark 3.8. Each vertex of the polytope ∆ (1,µ) gives a natural Darboux chart on (F, ω
(1,µ) F ), and the chart described in Lemma 3.7 is the one corresponding to v = (0, 1, 0, µ−1). By (3.2), an element (ξ, ν, η, η n+1 ) of ∆
(1,µ) satisfies the equations
Hence the projection (ξ, ν, η, η n+1 ) → (ξ, η) maps ∆ (1,µ) isomorphically to a poly-
Here the vertex v is mapped to 0. Let F q,xn+1 denote the union of the facets ν = 0 and η n+1 = 0 in ∆ (1,µ) and let F q,xn+1 be the corresponding facets in
) and we have the following commutative diagram:
where ψ µ is the map described in the proof of Lemma 3.7.
By Lemma 3.7, we have a commutative diagram of singular fibrations:
The fiber
where
Lemma 3.9. Consider the fibration π loc = π • ψ µ X : W µ → C with connection coming from the standard symplectic form
Proof. The horizontal space at (s, x) ∈ W µ t is the symplectic complement of
Hence the horizontal space is spanned by the vectors 
. . .
Using this, we are able to compute the vanishing cycle of (X , π, J, Ω µ ).
Proposition 3.10. Let t > 0. The vanishing cycle of (X , π, J, Ω µ ) in the fiber X t is isotopic to
where x = (x 0 , . . . , x n ) and
The vanishing cycle in X ∞ is isotopic to
Proof. For each t > 0, define
The condition on |x| 2 ensures that L µ t ⊂ W µ t . We claim that parallel transport along the path γ(r) = r for 0 < r ≤ t takes all of L µ t to the node (0, 0
this shows that V µ t is the vanishing cycle in X t . Fix t > 0 and let γ t (r) = r for 0 < r ≤ t. Given (x, x) ∈ L µ t , define the path γ t (r) = h t (r)(x, x), 0 < r ≤ t where
This is a lift of γ t with endpoints (x, x) and (0, 0) and tangents
For all r, γ t (r) ∈ L µ r , and by Lemma 3.9, the horizonal space at γ t (r) contains 
Proofs of the main results
We are now in a position to prove the main results described in Section 1.
Proof of Theorem 1.3. Given µ > 1, Proposition 3.6 shows that (X , π, J, Ω µ ) is a Lefschetz fibration with one critical point
The biholomorphic trivialization Φ :
induces a symplectomorphism
and by Proposition 3.10, the vanishing cycle in X ∞ is isotopic to
Under the symplectomorphism Φ ∞ this corresponds to
Proof of Theorem 1.1. Given µ > 1, we consider the Lefschetz fibration (X , π, J, Ω µ ) from Theorem 1.3. By Proposition 2.7, the monodromy ρ ℓ : X ∞ → X ∞ along a positively oriented loop ℓ in CP 1 based at ∞ ∈ CP 1 and circling 0 exactly once is symplectically isotopic to the Dehn twist τ V µ ∞ along the vanishing cycle V µ ∞ . Since the fibration has only one singular fiber, ρ ℓ is symplectically isotopic to the identity through an isotopy that arises from deforming the loop ℓ to the constant loop based at infinity in CP 1 . Hence we have an isotopy (ϕ λ ) 0≤λ≤1 of X ∞ such that ϕ 1 equals τ V∞ and ϕ 0 is the identity. Recall that each fiber of X contains the hypersurface S × {t}, with S defined in (3.3). Parallel transport in (X , π, J, Ω µ ) along a path in CP 1 from t ′ to t takes any point (z, t) ∈ S×{t} ⊂ X t to (z, t ′ ) ∈ S×{t ′ } ⊂ X t ′ . Hence ϕ λ restricts to the identity on S × {∞} for all λ. Observe that S = Φ ∞ (S × {∞}) and that by property 3 of Theorem 1.3
Under the projection to the first factor, the complex hypersurface S in CP n × CP n+1 defined in Theorem 1.1 is a CP n -bundle over CP n . The fibers are linearly embedded copies of CP n in CP n+1 . As before, let
these are sections of S. If n = 1, S is a Hirzebruch surface, S 0 is the small section (with negative self-intersection), and S ∞ is the large section (with positive selfintersection). As stated in Corollary 1.2, if we symplectically blow up CP n × CP 
Before proving Corollary 1.2 and Proposition 1.4, we review the symplectic blowup construction as described in [MS98, Chapter 7] . First we consider a blow-up at the origin in C N . Let L be the tautological line bundle over CP N −1 , i.e., the total space of L is given by
N with L(δ). Thus, we have replaced the ball B(λ) in C N with the zero section L(0) ∼ = CP N −1 , the exceptional divisor in C N . The manifold C N has a natural symplectic structure that is independent of the choice of δ > 0.
Let Q be a compact symplectic submanifold of codimension 2N in a symplectic manifold (M, ω). Then ω can be written in a standard form in a neighborhood of Q. Details can be found in [MS98, . The normal bundle ν Q|M of Q in M has the structure of a 2N -dimensional symplectic vector bundle with a compatible complex structure J. It is associated to a principal U (N )-bundle P , i.e., ν Q|M = P × U(N ) C N . This bundle has a symplectic form (4.1) ω ′ = α + π * Q (ω | Q ), where π Q : ν Q|M → Q is the natural projection and α is a closed 2-form on ν Q|M that restricts to the standard symplectic form on the fibers C N . A small neighborhood of Q in (M, ω) is symplectomorphic to the disk bundle ν <ε Q|M = P × U(N ) B(ε) with symplectic form ω ′ for some ε > 0. Using the standard form of the symplectic structure near Q, we can define small blow-ups along Q in M . If λ < ε, then the size λ blow-up of Q in M is simply the result of blowing up the origin in the fiber B(ε), i.e. if B(ε) is the size λ blow-up of the origin in B(ε), then the size λ blow-up of Q in M is obtained by removing a neighborhood of Q and glueing in the manifold P × U(N ) B(ε) in the obvious way.
Proof of Corollary 1.2. Under the trivialization Φ of (X , π, J, Ω µ ) defined in (3.7), the section S 0 in CP n × CP n+1 corresponds to S 0 = {[s, q, x, x n+1 ] ∈ F | q = 0, x = 0}.
Let Q = S 0 × CP 1 .
For all t ∈ CP 1 , the fiber X t contains S 0 × {t} as a symplectic submanifold and
commutes. It follows that the normal bundle of Q in X can be obtained by glueing the normal bundles of S 0 ∼ = S 0 × {t} in X t ∼ = X t for all t ∈ CP 1 . Now let X denote a small symplectic blow-up along Q in X in the neighborhood of Q on which (Ω µ ) ′ has the standard form (4.1). Then each fiber in X is of the form X t × {t}, where X t is the blow-up of S 0 in X t . Hence the isotopy of τ L µ lifts to the blow-up of S 0 in CP n × CP n+1 .
To see that we can blow up along S ∞ in CP n ×CP n+1 , we repeat this construction with S 0 replaced by S ∞ = {[s, 0, x, 0] ∈ F | x j = 0 for j ∈ {2, . . . , n}, s 0 x 0 + s 1 x 1 = 0}
and Q by the complex submanifold S ∞ × CP 1 in X .
Proof of Proposition 1.4. Assume we have an isotopy (ϕ λ ) 0≤λ≤1 such that ϕ 1 = τ L µ and ϕ λ restricts to the identity on S 0 ⊔S ′ ∞ for all λ. We can then deform (ϕ λ ) 0≤λ≤1 to a homotopy ( ϕ λ ) 0≤λ≤1 from τ L µ to the identity such that each ϕ λ fixes the neighborhoods
, where B(ε, p) denotes an embedded size ε (real) (2n + 2)-ball in CP n+1 centered at p = p 0 , p ∞ . We show that this leads to a contradiction as follows. Following [Gom95, p. 534-535], we create a new smooth manifold M by performing a smooth surgery on CP n × CP n+1 that takes place in the neighborhoods N (S 0 ) and N (S ∞ ).
In the manifold M , the Dehn twist corresponds to a diffeomorphism that acts nontrivially on homology but is also homotopic to the identity. This is a contradiction. Choose a diffeomorphism φ : B( 
